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Abstract  
This work presents an experimentally validated impedance-based finite element model (FEM) of a highly-coupled pre-
stressed piezoelectric energy harvester (PEH) with piezoelectric multilayer stacks (PMSs). The FEM first simulates the 
status of the PEH as a result of the static pre-stress. It then analyses the internal impedance |   | of the pre-stressed PEH, 
which is used as the optimal load resistance      for power output generation. The developed FEM is able to precisely 
predict (1) the maximum power output at each frequency without the tedious load-resistance sweeping approach 
traditionally used; (2) the dual-power-peaks phenomenon of highly-coupled PEHs, which cannot be observed when using 
the traditional approach of      = 1    ⁄ . This model provides a useful tool for the design and optimization highly-
coupled piezoelectric energy harvesters.        
1. Introduction  
Piezoelectric energy harvesting has been intensively investigated in the past two decades with the aim of providing a 
sustainable power source for wireless electronics by converting the ambient vibrations into usable electricity. Among 
various piezoelectric energy harvesters, the ones with a force amplifier and based on piezoelectric multilayer stacks (PMS) 
have attracted more and more attention [1-3]. These PEHs were initially used for scavenging energy from low-frequency 
compressive forces e.g. found in footwear, where the PEHs work at off-resonance. Recently, a PEH with a two stage force 
amplifier were designed to operate at resonance and showed power density as high as 2642 mW/g2[4]. For PEHs based on 
PMS, the electromechanical coupling is usually strong. In such a case, the internal impedance at resonance cannot be 
approximated by the capacitance of the piezoelectric material [5]. In other words, the optimal load resistance yielding the 
maximum power output of a highly-coupled PEH is not the impedance of the capacitor. However, in both modelling and 
experiment, the impedance of the capacitor is still used as the value of the optimal load resistance (referred to as RC 
matching method herein), which results in inaccurate characterisation of highly-coupled PEHs. This work develops a finite 
element model using the internal impedance of a PEH as the optimal load resistance to accurately simulate the performance 
of highly-coupled PEHs.        
2. Internal impedance of PEHs  
A single degree of freedom PEH working at its fundamental vibration model can be represented by the equivalent circuit 
model shown in Figure 1. The resistor   , inductor   , capacitors    are related to the mechanical damping coefficient 
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Λ ,    
   and   
    are the electromechanical coupling coefficient, clamped dielectric constant and clamped capacitance, 
respectively of the piezoelectric material with an electrode area of   and electrode distance of  .    is a load resistance for 
power generation. The voltage source      depends on the excitation frequency and amplitude, although       is 
approximately independent of the excitation frequency at frequencies much lower than the resonance where the PEH can 
be approximated as a quasi-static system. 











Figure 1 Equivalent circuit model of a piezoelectric energy harvester 
The internal impedance network of the PEH consists of the mechanical branch (  ,    and   ) and electrical branch 
(  
 ) connected in parallel. To produce the maximum power, the load resistance    should match to the internal impedance 
|   | of the PEH. At frequencies much lower than the resonance, the contribution of    and    to the internal impedance 
is much less than that of    and   
  . As a result, the internal impedance network can be approximated as    and   
  
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 where   
  is the free capacitance of the PEH. Therefore, at those frequencies, the optimal load resistance is the impedance 
of the free capacitance of the PEH. However, at around the resonance region, the contribution of    and    to the internal 
impedance is not illegible, particularly when the electromechanical coupling of the PEH is strong, as will be shown in this 
paper. As a consequence, the internal impedance and thus the optimal resistance cannot be approximated by the impedance 
of the free capacitor. Instead, all components of the impedance network should be taken into account. In this work, we 
develop a finite element model, which first analyses the internal impedance of a PEH and then uses the internal impedance 
as the optimal load resistance to accurately simulate the power generation.  
3. Piezoelectric energy harvester   
The PEH studied in this paper is shown in Figure 2. It consists of a piezoelectric multilayer stack (7×7×36 mm, PI ceramic), 
a force amplifier and a mass of 100 grams. The force amplifier has an inclined angle   (shown in Figure 3 (a)) and the 
force amplification factor is proportional to cot    [4]. The PMS and the force amplifier were assembled with an 
interference fit—the space in the force amplifier was about 50 µm less than the length of the PMS. As a result of the 
interference fit, the force amplifier was pre-stretched whereas the PMS was pre-compressed. The pre-compressive force 
is essential for the safe operation of the PMS. The pre-tensile force on the force amplifier reduces the inclined angle   and 
therefore varies the force amplification factor and the resonance frequency of the PEH.  
The PEH was connected to a load resistance and installed on an electromagnetic shaker, which provided a constant 
acceleration actuation. The voltage across the load resistance was measured to calculate the average power generation. At 
each frequency, the load resistance was varied until the maximum power generation was recorded, i.e. the optimal load 
resistance was identified.  
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Figure 2 Fabricated piezoelectric energy harvester  
3. Finite element modelling method  
The finite element model was developed in COMSOL Multiphysics®. A schematic of the model is shown in Figure 3 (a). 
The mass is added on the top of the force amplifier as a boundary condition.  A static tensile force      is applied to the 
force amplifier and is expected to reduce the inclined angle as in experiment. The PMS is modelled as a single layer 
piezoelectric material (PIC 252) to simplify the model and reduce computational time. The number of layers does not 
affect power output and resonance frequency, but affects the values of impedance magnitude and voltage. To facilitate the 
comparison between simulation and experiment, the simulation results from the FEM were converted to the equivalent 
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where the symbols with an accent denote the values used in or output from the FEM, while those without an accent denote 
the converted values. The mechanical qualify factor    of the PEH was set to 60.  
The FEM first simulates the pre-status of the PEH as a result of the static pre-force      by using stationary analysis. The 
pre-status of the PEH is the initial status for the simulations followed. The FEM then analyses the internal impedance of 
the PEH by applying a sinusoidal voltage to the electrodes of the PEH, as shown in Figure 3 (b). The current through the 
PMS is recorded to compute the internal impedance. For power generation simulation, a sinusoidal acceleration is applied 
and the PEH is connected to a load resistance,   , as shown in Figure 3 (c). The value of    is assigned as the simulated 
internal impedance. For the purpose of comparison, simulation was also performed with    being assigned as 1/(   
 ).  
 
Figure 3 A schematic of the physical model in simulation (b) electric configuration for 
impedance simulation  and (c) electric configuration for power simulation 
4. Results and discussion  
The measured and simulated electrical power outputs of the PEH actuated at 0.25 g are compared in Figure 4 (a). When 
the load resistance    is assigned as the internal impedance, the simulated electrical power shows good agreements with 
the measured. However, when    is assigned as 1/(   
 ) in the FEM, significant discrepancy between experiment and 
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simulation is observed in the resonance region (185-205 Hz) except at 195 Hz. This discrepancy is caused by the large 
difference between the internal impedance |   | of the PEH and the value of  1/(   
 ) in the resonance region, as shown 
in Figure 4 (b). |   | is about the same as 1/(   
 ) at 195 Hz and at off-resonance. As a result, the power outputs with 
both simulation configurations are about the same at 195 Hz and at off-resonance. Therefore, for the PEH at resonance 
region, the RC matching method is not valid. The actual internal impedance magnitude should be used as the optimal load 
resistance.  
     
   (a)                                                                           (b)  
Figure 4 Comparison of simulated and measured (a) electrical power output and (b) corresponding load resistance when the 
PEH is actuated at 0.25 g 
Both experiment and the simulation with    = |   | show tow power peaks in the resonance region. These power peaks 
appear at frequencies whose internal impedance is purely resistive, i.e. the phase of the internal impedance is zero, as 
shown in Figure 5 (a). This is because when the internal impedance is purely resistive, the theoretical maximum power 
transfer can be obtained by a resistive load resistance [7]. At frequencies where the internal impedance is complex, the 
maximum power transfer occurs when the load is a complex conjugate matching of the internal impedance. However, with 
a load resistance, complex conjugate matching and maximum power transfer cannot be sustained. Therefore, the power 
outputs at these frequencies are lower than those at zero-impedance-phase frequencies.  
Lei et al. [5] found that the number of the zero-phase frequencies of a PEH depends on the value of     , with   being 
the effective electromechanical factor and    being the mechanical quality factor. When the value of  
    >2, the 
internal impedance has two zero-phase-frequencies and the PEH has two power peaks. When      < 2, the internal 
impedance has a single or no zero-phase frequency and the PEH has a single power peak. To further verify the capability 
of the FEM to predict these characteristics of PEHs, simulations were performed with different values of    while other 
parameters were kept constant, i.e. the effective electromechanical factor   was unchanged. The results are presented in 
Figure 5 (b) and (c). When    is reduced to 15, the internal impedance phase has a single zero-phase frequency of 195 
Hz, at which the single power peak is observed. When    is further reduced to 10, the internal impedance has no zero-
phase frequency. The power peak is still at 195 Hz, because at this frequency the internal impedance has the maximum 
phase and it is mostly close to being purely resistive.  
 
 (a)                                                (b)                                                      (c) 
Figure 5 Simulated electric power output and source impedance phase of the PEH with different values of    (a)    = 60, (b) 
   = 15 and (c)    = 10 
5. Summary  
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In this work, a finite element model (FEM) for a strongly-coupled and pre-stressed piezoelectric energy harvester (PEH) 
was developed and experimentally validated. Traditionally, the optimal load resistance for a PEH is determined either by 
the free capacitance of piezoelectric material or by load resistance sweeping. The theoretical analysis in this work 
suggested that the internal impedance of a strongly-coupled PEH cannot be approximated by the impedance of the free 
capacitor at the resonance. The FEM developed in this work therefore simulated the actual internal impedance of a PEH, 
which was then used as the optimal load resistance. The static pre-force was also taken into account during the simulation. 
Good agreements were observed simulation and experiment.  
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